
9X9 "�bBb 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@j- 2bT2+B�HHv,ě
∗ RX8 GBM2�` +QK#BM�iBQMbX
∗ RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X
∗ jXj o�`BQmb M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQMb 7Q` BMp2`iB#BHBivX

Ç 9XR a2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bX
Ç 9Xk a2i 2[m�HBiv U7Q` b2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bVX
Ç 9Xj am#bT�+2b Q7 +QHmKM p2+iQ`bX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç i?2 MQiBQMb Q7 #�bBb 7Q` �M �`#Bi`�`v bm#bT�+2 Q7 Rn-
Ç � `2@7Q`KmH�iBQM 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBiv Q7 b[m�`2 K�i`B+2b BM i2`Kb Q7 #�bBb-
Ç i?2 ǵ*?�M;2@Q7@#�bBbǶ h?2Q`2K 7Q` �`#Bi`�`v bm#bT�+2b Q7 RnX

AM i?2 �TT2M/Bt- r2 T`QpB/2 i?2 T`QQ7 Q7 i?2 ǵ*?�M;2@Q7@#�bBbǶ h?2Q`2KX

RX .2}MBiBQMX U"�bBb 7Q` � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV
G2i V #2 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX

URV UamTTQb2 V Bb i?2 x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbXV
q2 /2+H�`2 i?�i i?2 2KTiv b2i Bb i?2 #�bBb 7Q` UQ` Q7V {0n} Qp2` i?2 `2�HbX

UkV amTTQb2 V Bb MQi i?2 x2`Q bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
amTTQb2 u1,u2, · · · ,up ∈ V X
h?2M r2 b�v i?�i u1,u2, · · · ,up +QMbiBimi2 � #�bBb 7Q` UQ` Q7V V Qp2` i?2 `2�Hb B7 �M/ QMHv B7 #Qi? Q7 i?2
bi�i2K2Mib U"GV- U"aV #2HQr ?QH/,ě

U"GV u1,u2, · · · ,up �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
U"aV 1p2`v +QHmKM p2+iQ` #2HQM;BM; iQ V Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,up Qp2` i?2 `2�HbX

kX *QKK2Mib QM i?2 mb2 Q7 b2i H�M;m�;2 BM i?2 /2}MBiBQM �#Qp2X
AM i?2 +QMi2ti Q7 i?Bb /2}MBiBQM- Bi ?�TT2Mb i?�i i?2 bi�i2K2Mi U"aV Bb 2[mBp�H2Mi iQ i?2 bi�i2K2Mi U"aǶV i?�i
`2�/b,ě

U"aǶV V = aT�M ({u1,u2, · · · ,up})X

6Q` i?Bb `2�bQM- bQK2 T2QTH2 K�v +?QQb2 iQ `2TH�+2 i?2 +QM/BiBQM U"aV #v i?2 +QM/BiBQM U"aǶV BM i?2 2MiB`2 bi�i2K2Mi
Q7 i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 #�bBbX
h?Bb Bb �M �TT`Q�+? mbm�HHv i�F2M BM � KQ`2 �/p�M+2/ +Qm`b2 BM HBM2�` �H;2#`�- BM r?B+? b2i H�M;m�;2 Bb mb2/ KQ`2
2ti2MbBp2HvX
h?2 Tm`TQb2 �M/ i?2 �/p�Mi�;2 BM bm+? �M �TT`Q�+? �`2 iQ �HHQr HBM2�` �H;2#`� iQ #2 /QM2 QM KQ`2 ;2M2`�H K�i?2K�i@
B+�H Q#D2+ib UMQi Dmbi K�i`B+2b �M/ p2+iQ`bV- BM r?B+? � F2v +QM+2Ti iQ #2 BMi`Q/m+2/ p2`v bQQM- M�K2Hv /BK2MbBQM-
M22/b MQi iQ #2 `2bi`B+i2/ iQ #2 ǵ}MBi2 MmK#2`bǶX
Uh?2`2 Bb �HbQ i?2 p2`v bK�HH Tm`TQb2 Q7 i�FBM; +�`2 Q7 i?2 x2`Q bm#bT�+2 BM � KQ`2 M�im`�H r�vXV
AM i?Bb +Qm`b2- r2 +?QQb2 MQi iQ mb2 b2i H�M;m�;2 mMH2bb r2 KmbiX U�M/ i?2`2 �`2 MQi K�Mv bBim�iBQMb r2 rBHH ?�p2
iQ i�F2 +�`2 Q7 i?2 x2`Q bm#bT�+2XV

jX h?2 +QM/BiBQMb U"GV- U"aV BM i?2 bi�i2K2Mi Q7 i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 #�bBb +�M #2 +QM/2Mb2/ BMiQ QM2
+QM/BiBQM- Q7 i?2 7Q`K Q7 �M 2tBbi2M+2@�M/@mMB[m2M2bb bi�i2K2MiX h?Bb Bb K�/2 T`2+Bb2 BM i?2 `2bmHi #2HQrX
h?2Q`2K URVX U_2@7Q`KmH�iBQM 7Q` i?2 MQiBQM Q7 #�bBbXV
G2i V #2 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
amTTQb2 u1,u2, · · · ,up ∈ V X
h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV u1,u2, · · · ,up +QMbiBimi2 � #�bBb 7Q` V Qp2` i?2 `2�HbX
UkV 6Q` �Mv x ∈ V - i?2`2 2tBbi bQK2 mMB[m2 α1,α2, · · · ,αp ∈ R bm+? i?�i x = α1u1 + α2u2 + · · ·+ αpupX
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S`QQ7 Q7 h?2Q`2K URVX 1t2`+Bb2X Uh?Bb Bb � i2/BQmb rQ`/ ;�K2 BM /2}MBiBQMb �M/ HQ;B+XV

9X h?2Q`2K UkVX Uai�M/�`/ #�b2 7Q` RnXV

6Bt �Mv TQbBiBp2 BMi2;2` nX amTTQb2 e(n)k = En,1
k,1 7Q` 2�+? k = 1, 2, · · · , nX

UaQ e(n)k Bb i?2 +QHmKM p2+iQ` rBi? n `2�H 2Mi`B2b r?Qb2 k@i? 2Mi`v Bb 1 �M/ r?Qb2 2p2`v Qi?2` 2Mi`v Bb 0X XV

h?2M i?2 n +QHmKM p2+iQ`b e(n)1 , e(n)2 , · · · , e(n)n +QMbiBimi2 � #�bBb 7Q` RnX

_2K�`F QM i2`KBMQHQ;vX e(n)1 , e(n)2 , · · · , e(n)n �`2 +QHH2+iBp2Hv +�HH2/ i?2 bi�M/�`/ #�b2 7Q` Rn UQp2` i?2
`2�HbVX

8X S`QQ7 Q7 h?2Q`2K UkVX

6Bt �Mv TQbBiBp2 BMi2;2` nX amTTQb2 e(n)k = En,1
k,1 7Q` 2�+? k = 1, 2, · · · , nX

U�V q2 p2`B7v i?�i e(n)1 , e(n)2 , · · · , e(n)n �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb,ě
Ç SB+F �Mv α1,α2, · · · ,αn ∈ RX

amTTQb2 α1e
(n)
1 + α2e

(n)
2 + · · ·+ αne

(n)
n = 0nX

q2 ?�p2





α1
α2
XXX
αn



 = α1e
(n)
1 + α2e

(n)
2 + · · ·+ αne

(n)
n = 0nX h?2M α1 = α2 = · · · = αn = 0X

U#V q2 p2`B7v i?�i 2p2`v +QHmKM p2+iQ` #2HQM;BM; iQ Rn Bb � HBM2�` +QK#BM�iBQM Q7 e(n)1 , e(n)2 , · · · , e(n)n Qp2` i?2 `2�Hb,
Ç SB+F �Mv x ∈ RnX

6Q` 2�+? j = 1, 2, · · · , n- /2MQi2 i?2 j@i? 2Mi`v Q7 x #v xj X

h?2M x =





x1
x2
XXX
xn



 = x1e
(n)
1 + x2e

(n)
2 + · · ·+ xne

(n)
n X

eX "�b2b Q7 Rn Qp2` i?2 `2�HbX
6Q` i?2 KQK2Mi r2 7Q+mb QM Rn �b � bm#bT�+2 Q7 Rn Bib2H7- �M/ i?BMF Q7 i?2 #�b2b Q7 Rn Qp2` i?2 `2�HbX UJQ`2 ;2M2`�H
bm#bT�+2b Q7 Rn �`2 +QMbB/2`2/ H�i2`XV
q2 K�F2 bQK2 Q#b2`p�iBQMb rBi? i?2 p�`BQmb `2@7Q`KmH�iBQMb Q7 i?2 MQiBQM Q7 BMp2`iB#BHBivX
:Bp2M �Mv n +QHmKM p2+iQ`b- b�v- u1,u2, · · · ,un rBi? n `2�H 2Mi`B2b- i?2 bi�i2K2Mib UAV- UAAV- UAAAV #2HQr �`2 HQ;B+�HHv
2[mBp�H2Mi,ě

UAV h?2 b[m�`2 K�i`Bt [ u1 u2 · · · un ] Bb BMp2`iB#H2X
UAAV u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX

UAAAV 1p2`v +QHmKM p2+iQ` rBi? n `2�H 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2`
i?2 `2�HbX

"2+�mb2 Q7 i?2 HQ;B+�H 2[mBp�H2M+2 #2ir22M i?2 bi�i2K2Mi UAAV �M/ i?2 bi�i2K2Mi UAAAV- r?2M 2Bi?2` Q7 i?2K ?QH/b-
i?2 Qi?2` rBHH �HbQ ?QH/X h?2M- �b � +QMb2[m2M+2 i?2 bi�i2K2Mi UAoV rBHH ?QH/ �b r2HH,ě

UAoV u1,u2, · · · ,un +QMbiBimi2b � #�bBb 7Q` Rn Qp2` i?2 `2�HbX

q?2M i?2 bi�i2K2Mi UAoV ?QH/b- i?2 bi�i2K2Mib UAAV- UAAAV rBHH +2`i�BMHv ?QH/ #v i?2 /2}MBiBQM Q7 i?2 MQiBQM Q7 #�bBbX

dX h?2 �#Qp2 +QMbB/2`�iBQM bm;;2bib i?2 `2bmHi #2HQr- r?B+? K�v #2 `2;�`/2/ �b �M ǵ2ti2MbBQMǶ Q7 i?2 ǵ/B+iBQM�`vǶ QM
i?2 p�`BQmb `2@7Q`KmH�iBQMb 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBivX
h?2Q`2K UjVX U_2@7Q`KmH�iBQMb 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBiv- BM+Q`TQ`�iBM; i?2 TQBMi Q7 pB2r Q7
#�bBbXV
amTTQb2 A Bb �M (n× n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX h?2M,ě

U�V h?2 bi�i2K2Mib URV@UeV �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
URV A Bb BMp2`iB#H2X
UkV h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0n) ?�b MQ MQM@i`BpB�H bQHmiBQMX
UjV 6Q` �Mv b ∈ Rn- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX
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U9V h?2 +QHmKMb Q7 A �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
U8V 1p2`v +QHmKM p2+iQ` rBi? n `2�H 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 A Qp2` i?2 `2�HX
UeV h?2 +QHmKMb Q7 A +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbX

U#V h?2 bi�i2K2Mib UR∗V@Ue∗V �`2 HQ;B+�HHv 2[mBp�H2Mi iQ 2�+? Qi?2`- �M/ �HbQ �`2 �HbQ HQ;B+�HHv 2[mBp�H2Mi iQ 2�+? Q7
i?2 bi�i2K2Mib URV@UeV,ě

UR∗V At Bb BMp2`iB#H2X
Uk∗V h?2 ?QKQ;2M2Qmb bvbi2K LS(At, 0n) ?�b MQ MQM@i`BpB�H bQHmiBQMX
Uj∗V 6Q` �Mv b ∈ Rn- i?2 bvbi2K LS(At, b) Bb +QMbBbi2MiX
U9∗V h?2 `Qrb Q7 A �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
U8∗V 1p2`v `Qr p2+iQ` rBi? n `2�H 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 A Qp2` i?2 `2�HbX
Ue∗V h?2 +QHmKMb Q7 At +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbX

UP` 2[mBp�H2MiHv, i?2 `2bT2+iBp2 i`�MbTQb2b Q7 i?2 `Qrb Q7 A +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbXV
U+V LQr 7m`i?2` bmTTQb2 �Mv QM2 Q7 i?2 bi�i2K2Mib URV@UeV- UR∗V@Ue∗V ?QH/bX UaQ �HH ?QH/XV

6Q` 2�+? j = 1, 2, · · · , n- /2MQi2 i?2 j@i? +QHmKM Q7 A #v aj X
amTTQb2 x ∈ RnX 6Q` 2�+? k = 1, 2, · · · , n- /2MQi2 i?2 k@i? 2Mi`v Q7 A−1x #v αk(x)X
h?2M x = α1(x) a1 + α2(x) a2 + · · ·+ αn(x) anX

_2K�`FX h?2 �`;mK2Mi 7Q` T�`i U�V Q7 i?2 +QM+HmbBQM Bb QmiHBM2/ BM i?2 T�bb�;2b �#Qp2 i?2 bi�i2K2Mi Q7 h?2Q`2K
UjVX h?�i 7Q` T�`i U#V 7QHHQrb BKK2/B�i2Hv 7`QK i?2 HQ;B+�H 2[mBp�H2M+2 #2ir22M i?2 bi�i2K2Mib URV- UR∗VX q2 QMHv
?�p2 iQ p2`B7v T�`i U+V Q7 i?2 +QM+HmbBQMX

3X �`;mK2Mi 7Q` T�`i U+V Q7 i?2 +QM+HmbBQM BM h?2Q`2K UjVX
amTTQb2 A Bb �M (n× n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 �Mv QM2 Q7 i?2 bi�i2K2Mib URV@UeV- UR∗V@Ue∗V ?QH/bX UaQ �HH ?QH/XV
6Q` 2�+? j = 1, 2, · · · , n- /2MQi2 i?2 j@i? +QHmKM Q7 A #v aj X
amTTQb2 x ∈ RnX 6Q` 2�+? k = 1, 2, · · · , n- /2MQi2 i?2 k@i? 2Mi`v Q7 A−1x #v αk(x)X
h?2M

x = Inx = AA−1x = Ay = [ a1 a2 · · · an ]





α1(x)
α2(x)

XXX
αn(x)



 = α1(x) a1 + α2(x) a2 + · · ·+ αn(x) an.

NX 1t�KTH2 URVX U.BbTH�v Q7 p�`BQmb #�b2b Q7 Rn- �M/ BHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UjVXV
U6Q` bBKTHB+Biv Q7 T`2b2Mi�iBQM- r2 rQ`F rBi? R4 ?2`2X "mi i?2 B/2� +�M #2 ;2M2`�HBx2/ iQ Rn 7Q` 2�+? nXV
�T�`i 7`QK i?2 bi�M/�`/ #�b2 7Q` R4- r2 /BbTH�v i?`22 Qi?2` #�b2b 7Q` R4 Ur?B+? �`2 MQi 2bT2+B�HHv BKTQ`i�MiV- �M/
DmbiB7v Qm` +H�BKb rBi? bHB;?iHv /Bz2`2Mi K2i?Q/b- �b bm;;2bi2/ #v i?2 p�`BQmb `2@7Q`KmH�iBQMb 7Q` i?2 MQiBQM 7Q`
BMp2`iB#BHBivX

U�V .2}M2 u1 =




1
1
1
1



- u2 =




0
1
1
1



- u3 =




0
0
1
1



- u4 =




0
0
0
1



X

BX q2 p2`B7v i?�i u1,u2,u3,u4 �`2 HBM2�`Hv BM/2T2M/2Mi,ě
Ç SB+F �Mv α1,α2,α3,α4 ∈ RX amTTQb2 α1u1 + α2u2 + α3u3 + α4u4 = 04X

h?2M




α1

α1 + α2
α1 + α2 + α3

α1 + α2 + α3 + α4



 = α1u1 + α2u2 + α3u3 + α4u4 = 04X

"v +QKT�`BM; i?2 `2bT2+iBp2 2Mi`B2b- r2 /2/m+2 α1 = 0- α2 = 0- α3 = 0- α4 = 0 BM bm++2bbBQMX
BBX q2 p2`B7v i?�i 2p2`v +QHmKM p2+iQ` #2HQM;BM; iQ R4 Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4,

Ç SB+F �Mv x ∈ R4X 6Q` 2�+? j = 1, 2, 3, 4- /2MQi2 i?2 j@i? 2Mi`v Q7 x #v xj X
q2 ?�p2

x = x1e
(4)
1 + x2e

(4)
2 + x3e

(4)
3 + x4e

(4)
4

= x1(u1 − u2) + x2(u2 − u3) + x3(u3 − u4) + x4u4

= x1u1 + (x2 − x1)u2 + (x3 − x2)u3 + (x4 − x3)u4
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BBBX Ai 7QHHQrb i?�i u1,u2,u3,u4 +QMbiBimi2 � #�bBb 7Q` R4 Qp2` i?2 `2�HbX

6`QK i?2 +�H+mH�iBQMb �#Qp2- r2 b22 i?�i 7Q` �Mv x ∈ R4- B7 x =




x1
x2
x3
x4



 i?2M

x = x1u1 + (x2 − x1)u2 + (x3 − x2)u3 + (x4 − x3)u4.

h?Bb 2tT`2bbBQM Q7 bm+? �M x �b � HBM2�` +QK#BM�iBQM Q7 u1,u2,u3,u4 Bb mMB[m2Hv /2i2`KBM2/X

U#V .2}M2 v1 =




1
2
3
4



- v2 =




0
1
2
3



- v3 =




0
0
1
2



- v4 =




0
0
0
1



X

q`Bi2 V = [ v1 v2 v3 v4 ]X
BX q2 p2`B7v i?�i v1,v2,v3,v4 �`2 HBM2�`Hv BM/2T2M/2Mi,ě

Ç q2 Q#i�BM i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMBM; V iQ bQK2 `Qr@2+?2HQM 7Q`K V !,ě

V =




1 0 0 0
2 1 0 0
3 2 1 0
4 3 2 1



 −2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −4R1+R4−−−−−−→

−2R2+R3−−−−−−→ −3R2+R4−−−−−−→ −2R3+R4−−−−−−→




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



 = V !.

V ! Bb BM 7�+i i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K I4- r?Qb2 +QHmKMb �`2 �HH TBpQi +QHmKMbX
Ai 7QHHQrb i?�i LS(V, 04) ?�b MQ MQM@i`BpB�H bQHmiBQMX

BBX q2 p2`B7v i?�i 2p2`v +QHmKM p2+iQ` #2HQM;BM; iQ R4 Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2,v3,v4,
Ç SB+F �Mv x ∈ R4X (q2 b?Qr i?�i i?2 bvbi2K LS(V, x) Bb +QMbBbi2MiX)

q`Bi2 Cx = [ V x ]X
q2 Q#i�BM i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr DQBMBM; Cx iQ bQK2 `Qr@2+?2HQM 7Q`K C!

x #2HQr,ě

Cx =




1 0 0 0 x1
2 1 0 0 x2
3 2 1 0 x3
4 3 2 1 x4



 −2R1+R2−−−−−−→ −3R1+R3−−−−−−→ −4R1+R4−−−−−−→

−2R2+R3−−−−−−→ −3R2+R4−−−−−−→ −2R3+R4−−−−−−→




1 0 0 0 x1
0 1 0 0 −2x1 + x2
0 0 1 0 x1 − 2x2 + x3
0 0 0 1 x2 − 2x3 + x4



 = C!
x.

h?2 H�bi +QHmKM Q7 C!
x Bb � 7`22 +QHmKMX Ai 7QHHQrb i?�i LS(V, x) Bb +QMbBbi2MiX

>2M+2 x Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2,v3,v4X
BBBX Ai 7QHHQrb i?�i v1,v2,v3,v4 +QMbiBimi2 � #�bBb 7Q` R4 Qp2` i?2 `2�HbX

6`QK i?2 +�H+mH�iBQMb �#Qp2- r2 b22 i?�i 7Q` �Mv x ∈ R4- B7 x =




x1
x2
x3
x4



 i?2M

x = x1v1 + (−2x1 + x2)v2 + (x1 − 2x2 + x3)v3 + (x2 − 2x3 + x4)v4.

h?Bb 2tT`2bbBQM Q7 bm+? �M x �b � HBM2�` +QK#BM�iBQM Q7 v1,v2,v3,v4 Bb mMB[m2Hv /2i2`KBM2/X

U+V .2}M2 w1 =




1
2
3
4



- w2 =




2
3
4
1



- w3 =




3
4
1
2



- w4 =




4
1
2
3



X

q`Bi2 W = [ w1 w2 w3 w4 ]X
LQi2 i?�i W Bb � b[m�`2 K�i`BtX q2 p2`B7v i?�i W Bb BMp2`iB#H2,ě
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Ç �TTHv � b2[m2M+2 Q7 `Qr QT2`�iBQMb #2HQr iQ DQBM W iQ bQK2 `Qr@2+?2HQM 7Q`K W !,ě

W =




1 4 3 2
2 1 4 3
3 2 1 4
4 3 2 1



 −2R1+R2−−−−−−→ −3R1+R2−−−−−−→ −4R1+R2−−−−−−→




1 4 3 2
0 −7 −2 −1
0 −10 −8 −2
0 −13 −10 −7





−2R2+R4−−−−−−→ R2↔R4−−−−−→




1 4 3 2
0 1 −6 −5
0 −7 −2 −1
0 −10 −8 −2



 7R2+R3−−−−−→ 10R2+R4−−−−−−→
− 1

4R3−−−−→
− 1

4R4−−−−→




1 4 3 2
0 1 −6 −5
0 0 11 9
0 0 17 13





−1R3+R4−−−−−−→ −2R4+R3−−−−−−→ 6R3+R4−−−−−→




1 4 3 2
0 1 −6 −5
0 0 −1 1
0 0 0 10



 = W !

LQi2 i?�i 2p2`v +QHmKM Q7 W ! Bb � TBpQi +QHmKMX >2M+2 W Bb BMp2`iB#H2X
aBM+2 W Bb BMp2`iB#H2- i?2 +QHmKM p2+iQ`b w1,w2,w3,w4 +QMbiBimi2 � #�bBb 7Q` R4X
"v /B`2+i +QKTmi�iBQM Ubm+? �b `2@`mMMBM; i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb �#Qp2- bi�`iBM; rBi? [ W I4 ]V- r2

}M/ i?�i W−1 =
1

40




−9 1 1 11
1 1 11 −9
1 11 −9 1
11 −9 1 1



X

6Q` �Mv x ∈ R4- B7 x =




x1
x2
x3
x4



 i?2M

x=A(A−1x)=
−9x1+x2+x3+11x4

40
w1+

x1+x2+11x3−9x4

40
w2+

x1+11x2−9x3+x4

40
w3+

11x1−9x2+x3+x4

40
w4.

h?Bb 2tT`2bbBQM Q7 bm+? �M x �b � HBM2�` +QK#BM�iBQM Q7 w1,w2,w3,w4 Bb mMB[m2Hv /2i2`KBM2/X

RyX �b b22M BM 1t�KTH2 URV- i?2`2 �`2 K�Mv /BbiBM+i #�b2b 7Q` Rn Qp2` i?2 `2�HbX AM i?2 HB;?i Q7 i?Bb- i?2`2 �`2 irQ
M�im`�H [m2biBQMb iQ �bF- 7Q` �Mv irQ �`#Bi`�`BHv ;Bp2M #�b2b Q7 Rn Qp2` i?2 `2�Hb,ě

URV >Qr �`2 i?2 irQ #�b2b +QKT�`2/ rBi? 2�+? Qi?2`\
UkV >Qr �`2 i?2 2tT`2bbBQMb Q7 i?2 b�K2 +QHmKM p2+iQ` rBi? n `2�H 2Mi`B2b �b HBM2�` +QK#BM�iBQMb Q7 +QHmKM p2+iQ`b

BM i?2 `2bT2+iBp2 #�b2b +QKT�`2/ rBi? 2�+? Qi?2`\

q2 �Mbr2` i?2 irQ [m2biBQMb �#Qp2 BM � bHB;?iHv KQ`2 +QMi2ti- BM i?2 7Q`K Q7 i?2 `2bmHi BKK2/B�i2Hv #2HQr �#Qmi
#�b2b 7Q` � ;2M2`�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
Aib T`QQ7 Bb T`QpB/2/ BM i?2 �TT2M/BtX

RRX h?2Q`2K U9VX Uǵ*?�M;2@Q7@#�bBbǶ h?2Q`2KXV
G2i W #2 � bm#bT�+2 Q7 Rn Qp2` i?2 `2�HbX
amTTQb2 u1,u2, · · · ,up +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX �HbQ bmTTQb2 v1,v2, · · · ,vp +QMbiBimi2 � #�bBb 7Q` W
Qp2` i?2 `2�HbX
.2}M2 U = [ u1 u2 · · · up ]- V = [ v1 v2 · · · vp ]X
h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V h?2`2 2tBbib bQK2 mMB[m2 BMp2`iB#H2 (p× p)@b[m�`2 K�i`Bt S rBi? `2�H 2Mi`B2b bm+? i?�i U = V SX
U#V G2i x ∈ W - �M/ α1,α2, · · · ,αp,β1,β2, · · · ,βp ∈ RX

amTTQb2 x = α1u1 + α2u2 + · · ·+ αpup �M/ x = β1v1 + β2v2 + · · ·+ βpvp

h?2M





β1
β2
XXX
βp



 = S





α1
α2
XXX
αp



- 7Q` i?2 b�K2 BMp2`iB#H2 (p× p)@b[m�`2 K�i`Bt S �#Qp2X

_2K�`F QM i2`KBMQHQ;B2bX h?2 K�i`Bt S- r?B+? `2H�i2b i?2 K�i`B+2b U, V pB� i?2 2[m�HBiv U = V S- Bb +�HH2/
i?2 +?�M;2@Q7@#�bBb K�i`Bt- `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2, · · · ,up 7Q` W iQ i?2 UQ`/2`2/V #�bBb
v1,v2, · · · ,vp 7Q` WX
6m`i?2` `2K�`FX "2+�mb2 Q7 i?2 BMp2`iB#BHBiv Q7 S- i?2 2[m�HBiv V = US−1 ?QH/bX >2M+2 i?2 BMp2`iB#H2 K�i`Bt S−1

Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2, · · · ,vp 7Q` W iQ i?2 UQ`/2`2/V #�bBb u1,u2, · · · ,up

7Q` WX
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RkX 6m`i?2` +QKK2Mib QM h?2Q`2K U9VX

U�V amTTQb2 W = RnX 6m`i?2` bmTTQb2 u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbX �HbQ bmTTQb2
v1,v2, · · · ,vp +QMbiBimi2 � #�bBb 7Q` Rn Qp2` i?2 `2�HbX
h?2M U, V �`2 BM 7�+i BMp2`iB#H2 (n× n)@b[m�`2 K�i`B+2bX
h?2 mMB[m2Hv /2i2`KBM2/ b[m�`2 K�i`Bt S /2b+`B#2/ BM T�`i U�V Q7 i?2 +QM+HmbBQM Q7 h?2Q`2K U9V Bb �+im�HHv
;Bp2M #v S = V −1U X

U#V AM h?2Q`2K U9V r2 BKTQb2 i?2 b22KBM;Hv ǵ`2bi`B+iBp2Ƕ �bbmKTiBQM i?�i i?2 MmK#2` Q7 +QHmKM p2+iQ`b BM QM2
#�bBb 7Q` W- M�K2Hv u1,u2, · · · ,up - Bb i?2 b�K2 �b i?�i Q7 i?2 MmK#2` Q7 +QHmKM p2+iQ`b BM �MQi?2` #�bBb 7Q`
W- M�K2Hv- v1,v2, · · · ,vpX
uQm K�v rQM/2` r?�i K�v ?�TT2M B7 r2 /Q MQi �bbmK2 i?2b2 irQ #�b2b ?�p2 i?2 b�K2 MmK#2` Q7 +QHmKM
p2+iQ`bX
h?Bb [m2biBQM rBHH im`M Qmi � KQQi QM2X
Ai �+im�HHv ?�TT2Mb i?�i �Mv irQ #�b2b 7Q` i?2 b�K2 bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb ?�p2 i?2 b�K2 MmK#2` Q7
+QHmKM p2+iQ`bX Uq2 rBHH bi�i2 i?Bb `2bmHi KQ`2 7Q`K�HHv H�i2` QMXV

RjX 1t�KTH2 UkVX UAHHmbi`�iBQM QM i?2 +QMi2Mi Q7 h?2Q`2K U9V- BM i?2 bT2+B�H +�b2 ǵW = Rn �M/ p = nǶXV

q2 ?�p2 i?2 bi�M/�`/ #�b2 e(4)1 , e(4)2 , e(4)3 , e(4)4 7Q` R4 Qp2` i?2 `2�HbX

LQi2 i?�i I4 =
[
e(4)1 e(4)2 e(4)3 e(4)4

]
X

h?2b2 �`2 �HbQ #�b2b 7Q` R4 Qp2` i?2 `2�Hb,ě

Ç u1 =




1
1
1
1



- u2 =




0
1
1
1



- u3 =




0
0
1
1



- u4 =




0
0
0
1



X

Ç v1 =




1
2
3
4



- v2 =




0
1
2
3



- v3 =




0
0
1
2



- v4 =




0
0
0
1



X

Ç w1 =




1
2
3
4



- w2 =




2
3
4
1



- w3 =




3
4
1
2



- w4 =




4
1
2
3



X

q`Bi2 U = [ u1 u2 u3 u4 ]- V = [ v1 v2 v3 v4 ]- W = [ w1 w2 w3 w4 ]X
LQi2 i?�i U, V,W �`2 BMp2`iB#H2 K�i`B+2bX

U�V q2 +�M T`QpB/2 �MQi?2` BMi2`T`2i�iBQM 7Q` i?2 2[m�HBiB2b I4 = UU−1- I4 = V V −1- I4 = WW−1 �++Q`/BM; iQ
h?2Q`2K U9V,ě

BX h?2 K�i`Bt U−1 =




1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1



 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb

e(4)1 , e(4)2 , e(4)3 , e(4)4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb u1,u2,u3,u4 7Q` R4X

BBX h?2 K�i`Bt V −1 =




1 0 0 0
−2 1 0 0
1 −2 1 0
0 1 −2 1



 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb

e(4)1 , e(4)2 , e(4)3 , e(4)4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb v1,v2,v3,v4 7Q` R4X

BBBX h?2 K�i`Bt W−1 =
1

40




−9 1 1 11
1 1 11 −9
1 11 −9 1
11 −9 1 1



 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb

e(4)1 , e(4)2 , e(4)3 , e(4)4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb w1,w2,w3,w4 7Q` R4X
U#V q`Bi2 S = V −1U X

BX LQi2 i?�i S =




1 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1



X h?2 2[m�HBiv U = V S ?QH/bX

S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2,u3,u4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
v1,v2,v3,v4 7Q` R4X

e



BBX LQi2 i?�i S−1 =




1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1



X h?2 2[m�HBiv V = US−1 ?QH/bX

S−1 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2,v3,v4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
u1,u2,u3,u4 7Q` R4X

U+V q`Bi2 Q = W−1U X

BX LQi2 i?�i Q =
1

40




4 13 12 11
4 3 2 −9
4 3 −8 1
4 −7 2 1



X h?2 2[m�HBiv U = WQ ?QH/bX

Q Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2,u3,u4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
w1,w2,w3,w4 7Q` R4X

BBX LQi2 i?�i Q−1 =




1 2 3 4
1 1 1 −3
1 1 −3 1
1 −3 1 1



X h?2 2[m�HBiv W = UQ−1 ?QH/bX

Q−1 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb w1,w2,w3,w4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
u1,u2,u3,u4 7Q` R4X

U/V q`Bi2 P = W−1V X

BX LQi2 i?�i P =
1

40




40 36 23 11
0 −4 −7 −9
0 −4 −7 1
0 −4 3 1



X h?2 2[m�HBiv V = WP ?QH/bX

P Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2,v3,v4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
w1,w2,w3,w4 7Q` R4X

BBX LQi2 i?�i P−1 =




1 2 3 4
0 −1 −2 −7
0 0 −4 4
0 −4 4 0



X h?2 2[m�HBiv V = WP−1 ?QH/bX

P−1 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb w1,w2,w3,w4 7Q` R4 iQ i?2 UQ`/2`2/V #�bBb
v1,v2,v3,v4 7Q` R4X

R9X h?2 BHHmbi`�iBQMb BM 1t�KTH2 UjV �`2 H2bb i`BpB�H i?�M i?�i BM 1t�KTH2 UkV BM i?2 b2Mb2 i?�i i?2v �`2 +QM+2`M2/ rBi?
T`QT2` bm#bT�+2b Q7 Rn- �M/ i?�i i?2 BMi2`TH�v #2ir22M i?2 p2+iQ` 2[m�HBiB2b �M/ i?2 K�i`Bt 2[m�HBiB2b +�Tim`2b i?2
ǵ�H;2#`�B+ 2bb2bM+2Ƕ BM i?2 �`;mK2Mi 7Q` h?2Q`2K U9VX
1t�KTH2 UjVX UAHHmbi`�iBQMb 7Q` i?2 +QMi2Mi Q7 h?2Q`2K U9V- �M/ i?2 ǵ�H;2#`�Ƕ BM Bib �`;mK2MiXV

U�V G2i u1 =

[
2
1
1

]
- u2 =

[
0
−1
1

]
- v1 =

[
1
1
0

]
- v2 =

[
1
0
1

]
- �M/ W = aT�M({u1,u2})X

q`Bi2 U = [ u1 u2 ]- V = [ v1 v2 ]X
q2 +�M p2`B7v i?�i u1,u2 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX h?2v +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
q2 +�M �HbQ p2`B7v i?�i v1,v2 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

BX q2 ?�p2 i?2 T�B` Q7 p2+iQ` 2[m�HBiB2b #2HQr,ě
{

u1 = v1 + v2

u2 = −v1 + v2

h?Bb T�B` Q7 p2+iQ` 2[m�HBiB2b +�M #2 2M+Q/2/ BMiQ i?2 K�i`Bt 2[m�HBiv U = V S- BM r?B+? S =
[
1 −1
1 1

]
X

q2 +�M p2`B7v /B`2+iHv 7`QK i?2 /2}MBiBQM Q7 BMp2`iB#BHBiv i?�i S Bb BM/22/ BMp2`iB#H2X
h?2 K�i`Bt S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2 7Q` W iQ i?2 UQ`/2`2/V #�bBb
v1,v2 7Q` WX

BBX q2 ?�p2 i?2 K�i`Bt 2[m�HBiv V = US−1- BM r?B+? S−1 =

[
1/2 1/2
−1/2 1/2

]
X

h?Bb K�i`Bt 2[m�HBiv BM 7�+i 2M+Q/2b i?Bb T�B` Q7 p2+iQ` 2[m�HBiB2b,ě





v1 =
1

2
u1 − 1

2
u2

v2 =
1

2
u1 +

1

2
u2

d



h?2 K�i`Bt S−1 Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2 7Q` W iQ i?2 UQ`/2`2/V
#�bBb u1,u2 7Q` WX

U#V G2i u1 =




1
1
1
1



- u2 =




0
1
2
3



- v1 =




1
2
3
4



- v2 =




2
3
4
5



- �M/ W = aT�M({u1,u2})X

q`Bi2 U = [ u1 u2 ]- V = [ v1 v2 ]X
q2 +�M p2`B7v i?�i u1,u2 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX h?2v +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX
q2 +�M �HbQ p2`B7v i?�i v1,v2 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

BX q2 ?�p2 i?2 T�B` Q7 p2+iQ` 2[m�HBiB2b #2HQr,ě
{

u1 = −v1 + v2

u2 = 2v1 − v2

h?Bb T�B` Q7 p2+iQ` 2[m�HBiB2b +�M #2 2M+Q/2/ BMiQ i?2 K�i`Bt 2[m�HBiv U = V S- BM r?B+? S =
[ −1 2

1 −1

]
X

q2 +�M p2`B7v /B`2+iHv 7`QK i?2 /2}MBiBQM Q7 BMp2`iB#BHBiv i?�i S Bb BM/22/ BMp2`iB#H2X
h?2 K�i`Bt S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2 7Q` W iQ i?2 UQ`/2`2/V #�bBb
v1,v2 7Q` WX

BBX q2 ?�p2 i?2 K�i`Bt 2[m�HBiv V = US−1- BM r?B+? S−1 =
[
1 2
1 1

]
X

h?Bb K�i`Bt 2[m�HBiv BM 7�+i 2M+Q/2b i?Bb T�B` Q7 p2+iQ` 2[m�HBiB2b,ě
{

v1 = u1 + u2

v2 = 2u1 + u2

h?2 K�i`Bt S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2 7Q` W iQ i?2 UQ`/2`2/V #�bBb
u1,u2 7Q` WX

U+V G2i u1 =





2
2
2
1
1



- u2 =





0
0
0
1
1



- u3 =





0
−2
0
−1
1



- v1 =





1
0
1
0
1



- v2 =





0
1
0
1
0



- v3 =





1
1
1
0
0



- �M/ W = aT�M({u1,u2,u3})X

q`Bi2 U = [ u1 u2 u3 ]- V = [ v1 v2 v3 ]X
q2 +�M p2`B7v i?�i u1,u2,u3 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX h?2v +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2
`2�HbX
q2 +�M �HbQ p2`B7v i?�i v1,v2,v3 +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

BX q2 ?�p2 i?2 i`BTH2 Q7 p2+iQ` 2[m�HBiB2b #2HQr,ě





u1 = v1 + v2 + v3

u2 = v1 + v2 − v3

u3 = v1 − v2 − v3

h?Bb T�B` Q7 p2+iQ` 2[m�HBiB2b +�M #2 2M+Q/2/ BMiQ i?2 K�i`Bt 2[m�HBiv U = V S- BM r?B+? S =

[
1 1 1
1 1 −1
1 −1 −1

]
X

q2 +�M p2`B7v /B`2+iHv 7`QK i?2 /2}MBiBQM Q7 BMp2`iB#BHBiv i?�i S Bb BM/22/ BMp2`iB#H2X
h?2 K�i`Bt S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb u1,u2,u3 7Q` W iQ i?2 UQ`/2`2/V
#�bBb v1,v2,v3 7Q` WX

BBX q2 ?�p2 i?2 K�i`Bt 2[m�HBiv V = US−1- BM r?B+? S−1 =

[
1/2 0 1/2
0 1/2 −1/2
1/2 −1/2 0

]
X

h?Bb K�i`Bt 2[m�HBiv BM 7�+i 2M+Q/2b i?Bb i`BTH2 Q7 p2+iQ` 2[m�HBiB2b,ě





v1 =
1

2
u1 +

1

2
u3

v2 =
1

2
u2 − 1

2
u3

v3 =
1

2
u1 − 1

2
u2

h?2 K�i`Bt S Bb i?2 +?�M;2@Q7@#�bBb K�i`Bt `2H�iBM; i?2 UQ`/2`2/V #�bBb v1,v2,u3 7Q` W iQ i?2 UQ`/2`2/V
#�bBb u1,u2,u3 7Q` WX

3


